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Main Conceptions and Terminology

m-ary trees
A (strictly) m-ary tree is an oriented ordered tree where each nonleaf node has exactly m children (siblings). Size of an m-ary tree is the total number of leaves of this tree. Let N be number of nonleaves (internal nodes), n be number of leaves of m-ary tree. Number of leaves in m-ary tree satisfies the following condition n = N*(m-1) + 1.
(1) An m-tree (m ≥ 2) is called elongated if at least (m-1) of any m sibling nodes are leaves. An elongated binary tree of size n has maximum height among all binary trees of size n. An elongated m-ary tree is called left-sided if only the left node in each m-tuple of sibling nodes can be nonleaf.
A m-ary tree is called labeled if a certain positive integer (weight) is set in correspondence with each leaf.
Definition. Let T be an m-ary tree with positive weights P={p 1 ,.., p n } at its leaf nodes. The weighted external path length of T is
where l i is the length of the path from the root to leaf i.
Generalized m-ary Huffman algorithm
Problem definition. Given a sequence of n positive weights P={p 1 ,…, p n }, (n-1) = 0 (mod(m-1)). The problem is to find m-ary tree T min with n leaves labeled p 1 ,..., p n that has minimum weighted external path length over all possible m-ary trees of size n with the same sequence of leaf weights. T min is called the m-ary Huffman tree of the sequence P; E(T,P min ) is called the Huffman cost of the tree T.
The problem was solved for binary trees by Huffman algorithm [3] . That algorithm can be generalized for m-ary trees. A generalized Huffman algorithm builds T min in which each leaf (weight) of m-ary tree is associated with a (prefix free) codeword in alphabet {0, 1,…, m-1}.
Note. A code is called a prefix (free) code if no codeword is a prefix of another one.
m-ary algorithm description (in the reference to the discussed issue). Algorithm input. A non-decreasing sequence of positive weights 
|=n-(m-1)*(i-1).
• i-th step method. Build a sequence 
, then several m-ary Huffman trees can result from initial sequence P of weights, but the weighted external path length is the same in all these trees.
Let P = {p 1 , p 2 , p 3 , …, p n } be a sequence of size n for which the m-ary Huffman tree is elongated. Then according to generalized m-ary Huffman algorithm 2 , 0 , ...
Main Results
Minimizing absolutely ordered sequence of the elongated m-ary Huffman tree
Let T be an m-ary tree (m > 1) of size n (i.e., n = N*(m-1) + 1, where N is number of non-leaves and n is number of leaves) and M=M(T) be a set of such sequences of positive integer weights that M P ∈ ∀ the tree T is the m-ary Huffman tree of P (|P|=n). Definition. A sequence P min of n positive integer weights is called a minimizing sequence of the m-ary tree T in the class M ( M P ∈ min ) if P min produces the minimal Huffman cost of the m-ary tree T over all sequences from M, i.e., M. 
Proof. Taking into account (3) (4) we obtain the following configurations of m-ary Huffman algorithm steps for absolutely ordered sequence of the elongated (left-sided) m-ary tree.
Step 0 (Initial):
Step 0:
Step 1:
Step 2:
Step 3: Step i:
Steps (N-1), N:
Step N-1:
Step N: e., at least they must be equal. So, we can write as follows p m+1 = … = p 2m-1 = q 2 . In the same manner for Steps 2,…, (N-1) we obtain p 2m = … = p 3m-2 = q 3 ;
So, the configurations of m-ary Huffman algorithm steps for absolutely ordered sequence of the elongated (left-sided) m-ary tree are transformed as follows.
Step 0: 
Steps 1-(N-2):
Step 1: 
Steps (N-1), N:
Step N-1: 
and, taking into account (3)
Consider, q i -q i-1 when i = N , 3 . (7) and (8) we obtain that q i is a function of m, i.e., q i = Q i (m) and thus
(9) The lemma has been proved.■
Fibonacci-like polynomials
From Lemma 1 we can see that m-ary Huffman tree (m > 1) is connected with polynomials Q i (m) (9). From that we can told that (m+1)-ary Huffman tree (m > 0) is connected with polynomials 
where
Huffman related polynomials G i (x) are Fibonacci-like ones in contrast to Fibonacci polynomials that are defined by another recurrence relation [4] F
According to Theorem 1 the sequence Table 1 . 
In particular, 
Cost of minimizing absolutely ordered sequence of the elongated m-ary
Weighted external path length E(T, Pmin n,k ) is
where l i is the length of the path from the root to leaf i. T is the elongated binary tree, therefore 
